Abstract. We investigate inflationary attractor points by analysing non-minimally coupled single field inflation models in two opposite limits; the 'flat' limit in which the first derivative of the conformal factor is small and the 'steep' limit, in which the first derivative of the conformal factor is large. We consider a subset of models that yield Starobinsky inflation in the steep conformal factor, strong coupling, limit and demonstrate that they result in φ 2n -chaotic inflation in the opposite flat, weak coupling, limit. The suppression of higher order powers of the inflaton field in the potential is shown to be related to the flatness condition on the conformal factor. We stress that the chaotic attractor behaviour in the weak coupling limit is of a different, less universal, character than the Starobinsky attractor. Agreement with the COBE normalisation cannot be obtained in both attractor limits at the same time and in the chaotic attractor limit the scale of inflation depends on the details of the conformal factor, contrary to the strong coupling Starobinsky attractor.
Introduction
To organise, and possibly increase, our understanding of inflationary models, as a starting point it would seem beneficial to classify the range of possibilities. It has been realised for quite some time that with the introduction of non-minimal couplings the space of phenomenologically acceptable theories of inflation can be expanded considerably [1] [2] [3] , typically in fact ameliorating the required degree of fine-tuning [4, 5] . Indeed, the addition of a non-minimal coupling in general has the effect of stretching certain regions of the potential, resulting in flat plateaus allowing for an extended inflationary slow-roll phase. The appearance of a nonminimal coupling is expected from the point of view of string theory or supergravity, due to the natural presence of dilaton and/or Kaluza-Klein scalars that mix with the gravitational sector. Moreover, a particular class of these non-minimal models that can (partially) be motivated from conformal supergravity theory, always lead to an inflationary phase that is Starobinsky like [6] . In other words, all these models reduce to the Starobinsky attractor in the strong non-minimal coupling limit [7, 8] , see also [9, 10] for the multifield generalisation. This presents an interesting, economic and unified way of understanding (the predictions of) these models that in addition seems to be right in the sweetspot of the Planck data that seems to suggest a low tensor-to-scalar ratio [11] 1 . Moreover, the so-called 'induced inflation' subset of this class was shown to preserve perturbative unitarity up to the Planck scale [13] , a basic first requirement for the internal consistency of these models. These models were recently also shown to have a natural embedding in no-scale supergravity models [14] .
Similarly, in a priori unrelated work it was pointed out that another class of non-minimal models reduce to chaotic models of inflation in a particular limit [15] [16] [17] [18] [19] . In view of the currently available cosmological data these attractor points (Starobinsky and chaotic [6, 20] ) are of specific interest since they lie at opposite ends of the observational sweet spot in the spectral index n s versus tensor-to-scalar ratio r plane [11, 21, 22] . The appearance of a chaotic inflation limit might also provide some insights on the fine-tuning issues that plague effective field theories of chaotic inflation. Here we point out that a particular subset of models that feature a Starobinsky attractor in a strong coupling limit also appear to reduce to a chaotic attractor in the opposite weak coupling limit. We determine generic (sufficient) conditions for a chaotic model of inflation to appear in the weak coupling limit and parametrise the leading higher-order corrections. If the flat and steep limits can be controlled by a single flow parameter α, like in examples (4.1,4.2), then α parametrises a trajectory in the (n s , r)-plane, connecting the Starobinsky attractor point with the chaotic attractor point. Notably, as a consequence the flow of these models seems to lie within the currently phenomenologically allowed range of predictions for n s and r. As we will point out however, the chaotic attractor is less universal in the sense that the predicted scale of inflation depends on the details of the conformal factor, contrary to the strong coupling Starobinsky attractor.
The organisation of this paper is as follows. In section (2) we define the 'flat' and 'steep' conformal limits in the context of single scalar field models that are non-minimally coupled to Einstein gravity. In section (3), we identify under which conditions the flat conformal factor limit leads to slow-roll inflation and we explicitly show the appearance of chaotic models of inflation in this limit. In section (4) we show that the weak coupling limit of a subset of induced inflation models effectively yields φ 2 -chaotic inflation. In section (5) we further generalise and identify another set attractor points that correspond to φ 2n -chaotic inflation.
We note that similar results are reported in recent work by Roest, Kallosh and Linde [23] .
Non-minimally coupled models and the Starobinsky attractor
In this section we describe the framework of single scalar field models with non-minimal coupling to Einstein gravity, for which the Lagrangian is given by
where we require that at the vacuum configuration Ω → 1 and U → 0 2 . One can write (2.1) in the Einstein frame with a canonically normalised kinetic energy term, by performing a Weyl transformation followed by a field redefinition. In appendix (A) we give expressions for the Einstein frame potential slow-roll parameters in terms of the Jordan frame quantities Ω and U . These expressions greatly simplify if K = Ω, which can be accomplished by doing an initial field redefinition. However, we will choose K = 1, just to be consistent with the formulation of induced inflation in [13] . After performing a Weyl transformation g ab → Ω −1 g ab , the Lagrangian reads:
where the prime denotes differentiation with respect to the scalar φ. The kinetic energy term can be canonically normalised by performing a field redefinition χ(φ) such that δχ δφ
We will analyse these non-minimally coupled models in two limits, in which one of the two contributions to the Einstein frame kinetic term dominates (2.2). We will suggestively call these the flat and steep conformal factor limits respectively:
In these limits, starting from the usual Einstein frame definitions for the inflationary slow-roll parameters [24] (see appendix A.2), the expressions for the inflationary slow-roll parameter and η, in terms of U and Ω (A.8,A.9), simplify considerably. For the first order slow-roll parameter one arrives at the following expressions flat limit
The slow-roll conditions can be naturally satisfied by Jordan frame potentials U that are proportional to Ω 2 up to terms higher order in the slow-roll approximation, for both the flat and steep limits. Requiring the inflationary model to be Starobinsky-like in the steep limit in fact determines the Jordan frame potential [13] 
We will refer to these models as asymptotic Starobinsky models. This particular relation between the conformal factor and the Jordan frame potential allows a further simplification of the slow-roll parameters in the flat and steep conformal factor limits flat limit
It is important to note, as should also be clear from the above expressions, that the flat or steep conformal factor limits do not necessarily imply the slow-roll conditions. They do seem to be sufficient to allow for regions in field space where the slow-roll conditions are met. From now on we will mostly be interested in considering the (opposite) flat conformal factor limit of the asymptotic Starobinsky models. First we identify sufficient conditions for the conformal factor such that a slow-roll inflationary regime exists in the flat conformal factor limit and, if the flat limit exists, to what type of inflationary model this leads.
The flat conformal factor limit
In this section we will investigate the flat conformal factor limit of asymptotic Starobinsky models. We will show that a generic power law implementation of the flat conformal factor limit is sufficient to make sure that a slow-roll limit can be satisfied in some region of field space. If we are interested in considering a flat conformal factor limit (2.4) that can be satisfied over a large enough field range, a natural procedure would be to constrain all derivatives of Ω around the vacuum field value φ vac to be sufficiently small. Note that for the asymptotic Starobinsky models that we are considering the vacuum field value is defined by U (φ vac ) = 0. It is straightforward to check that this imposes the following condition on the derivatives of
for some small parameter α, such that α(φ−φ vac ) 1, with φ vac < φ < φ N where φ N denotes the field value to allow for N e-folds of slow-roll inflation. In general it is useful to perform a shift to the field variableφ defined asφ = φ − φ vac . After the shift the same conditions (3.1) apply, with φ replaced byφ andφ vac = 0. These conditions on the derivatives of Ω at φ vac resemble the slow-roll conditions and as such could be considered as fine-tuning. When we discuss specific examples of the flat conformal factor limit we will come back to this point.
An expansion of the Einstein frame potential in terms of the canonically normalised field χ (2.3) around χ vac = 0 explicitly shows the relation between the flat conformal factor condition (3.1) and the suppression of higher order powers of χ, for the asymptotic Starobinsky model
where it should be understood that the dots not only include higher powers of χ but also corrections to the coefficients higher order in the flat conformal factor limit (A.3). So we conclude that the leading term in the power law expansion is the χ 2 -term, as long as Ω vac = 0. This is of course recognised as the potential for (quadratic) chaotic inflation. Note that the slow-roll conditions are violated for small χ, so the field range where the slow-roll conditions apply is smaller than the field range where the flat conformal factor conditions apply. Higher order terms are polynomially suppressed by virtue of the flat conformal factor condition (3.1) on the higher order derivatives of Ω. Smallness of the higher order terms in the Einstein frame potential of a χ 2 -chaotic inflation model can be interpreted as the smallness of the variation of the conformal factor Ω in the Jordan frame of a Lagrangian (2.1).
From the above expansion we also see that when Ω vac = 0, but Ω vac = 0, then the first nonzero term in expansion (3.2) is the χ 4 -term. The higher order terms are again suppressed by virtue of the flat conformal factor condition (3.1). The first non-zero derivative of Ω therefore determines the (higher-order) model of chaotic inflation. Note that although the coefficients are different for different Ω (and λ), the slow-roll parameters for chaotic models do not depend on the coefficients and as such the predictions in the n s versus r plane will be the same, as we will soon show explicitly. Of course, the scale of inflation is related to the specific value of the coefficient. To agree with observational constraints, for quadratic chaotic inflation the COBE normalisation implies that the mass parameter should roughly equal 10 −5 (in natural units). For a given λ this further constrains the first derivative of the conformal factor. So although these models all give the same predictions for n s and r, they are observationally distinguished in their prediction for the magnitude of the density perturbations. This is different from the steep conformal factor limit, where the scale of inflation is uniquely determined by the parameter λ. This perhaps favours fixing λ to a value that agrees with the COBE normalisation in the Starobinsky limit, but as should be clear from the above discussion this will then not reproduce the COBE normalisation in the weak non-minimal coupling limit.
After this general discussion, let us now move on to the general expressions for the slow-roll parameters in this limit and provide some specific examples in which a non-minimal coupling parameter governs a flow between the flat and steep conformal factor limits.
Chaotic fixed points for asymptotic Starobinsky models
In the previous section we saw that in general, when the flat conformal factor condition is satisfied, the Einstein frame potential will be that of chaotic inflation. Here we will first determine the consequences of this general result for the first and second slow-roll parameters, explicitly using the flat conformal factor condition (3.1). Subsequently we give some specific examples in which this behaviour is realised.
If the conformal factor Ω satisfies the flat conformal factor limit (3.1), we can expand
where we extracted the coefficients Ω m that are of order O(1) and again introduced the small parameter α that should satisfy αφ 1 for 0 <φ <φ N . In appendix (A.2) we compute the slow-roll parameters for several different cases. If Ω 1 = 0, we find (A.20 with n = 1):
which indeed corresponds to leading order to the results of φ 2 -chaotic inflation. One could imagine imposing the condition that Ω is an even function. In that case, for Ω 2 = 0, we find (A.21 with n = 1)
which corresponds to leading order to the results of φ 4 -chaotic inflation. The explicit expressions for the subleading parts can be found in appendix (A.2).
To illustrate this further and relate the flat and steep conformal limits to a continuous non-minimal coupling parameter to be able to consider the flow behaviour as a function of this non-minimal coupling, let us give two examples where the conformal factor naturally satisfies the flatness limit (3.1). In the first example we analyse induced inflation models. This agrees with the analysis done in [23] . 
The slow-roll parameters are independent of the mass parameter M 2 = 2λ m 2 ξ 2 m of this chaotic inflationary potential, but the mass does determine the magnitude of the density perturbations, which in natural units should roughly equal 10 −5 to be in agreement with the COBE normalisation. The coupling ξ parametrises a trajectory in the (n s , r)-plane, connecting the Starobinsky attractor point with the chaotic attractor point (see figure 1) . If one fixes the parameter λ along the flow, then the prediction for the magnitude of the (scalar) density perturbations will not be in agreement with observation in the strict weak (non-minimal) coupling limit ξ → 0. Alternatively, one could introduce a rescaled couplingλ killing off the ξ dependence. However, one would then have a similar problem in the strong coupling limit and moreover, the required rescaling would be different for different values of m. In contrast, the normalisation in the opposite strong coupling limit is independent of the power m of the monomial.
In addition to the properties of the fixed points, in figure 1 the flow as a function of the non-minimal coupling ξ is plotted. A notable feature, in contrast to the strong coupling Starobinsky attractor, is that the approach to the weak coupling chaotic fixed point is clearly seen to be universal (independent of m), as can be analytically confirmed by determining the first order corrections in ξ around the chaotic fixed point.
A minimal extension of the monomial conformal factor is to consider the case where f is a polynomial in φ with a finite number of terms. In this case, the highest power of φ determines the vacuum value of the field φ vac ; if f (φ) = · · · + φ m , where the dots indicate lower powers of φ, then the previous analysis goes through, with
and we arrive at the same conclusion: the weak coupling limit is described by quadratic chaotic inflation. Lower powers of φ in the polynomial do affect the subleading terms in expansion (4.6). The coupling parameter ξ parametrises a curve in the (n s , r)-plane, connecting the strong coupling Starobinsky attractor point with the weak coupling chaotic attractor point.
In an infinite series expansion of the conformal factor (as could be generated by quantum corrections) this sensitivity to the highest order term might be considered problematic. Neglecting that for now, it does imply that all induced inflation models with a finite number of powers of the field φ reduce to chaotic inflation in the weak coupling limit.
Exponential: Ω = ξf = ξ e βφ − 1 In the previous example we observed that Ω is sensitive to the highest power in the expansion of f , in the weak coupling limit. In this example we investigate whether the weak coupling limit of induced inflation still leads to φ 2 -chaotic inflation if f is an infinite series in φ. If f = e βφ − 1 , then φ vac = and Ω = e βφ (ξ + 1) − ξ. For large ξ this model will satisfy the steep limit (2.5) and hence have the Starobinsky model as a strong coupling attractor point. For very small ξ this model does generally not satisfy the flat limit (2.4), unless β is tuned for this purpose. So in general the ξ → 0 limit does not correspond to quadratic chaotic inflation.
In fact the above conclusion that exponential functions generically do not feature chaotic inflation attractors can be changed by making a different identification of the coupling parameter. Below we briefly present this case as another example.
Example 4.2. Ω = e ξφ m in weak coupling limit
The conformal factor Ω = e ξφ m naturally satisfies the flat conformal factor condition (3.1) for small ξ 4 . We require that in the vacuum configuration, Ω = 1; this means that φ vac = 0. In the ξ → 0 limit we expand Ω in orders of ξ:
If m = 1, then Ω 1 = 0 and we directly recover the result (4.2), corresponding to φ 2 -chaotic inflation in the ξ → 0 limit. For general m, we find (see example A.4):
These results correspond to those of φ 2m -chaotic inflation. 5 To conclude, we have confirmed that the weak coupling limit of some, but not all, models of induced inflation imply the flat conformal factor limit (3.1), yielding chaotic inflation attractor points. We also explicitly confirmed that the Einstein frame potential in this limit depends on the details of the conformal factor, implying that although the predictions for the spectral index and tensor-to-scalar ratio are the same for all these models and as such denote a fixed point, the magnitude of the density perturbations will depend on the details of the function Ω under consideration. In the opposite strong coupling limit, for the Starobinsky attractor, the magnitude of the density perturbations is instead independent of the details of the function Ω, which can be used to uniquely fix λ to agree with the COBE normalisation in the Starobinsky fixed point. In that sense the strong coupling Starobinsky fixed point can be considered more universal.
Generalised asymptotic Starobinsky models
A straightforward extension of the asymptotic Starobinsky models (2.8) with U ∝ Ω 2 (1 − Ω −1 ) 2 is given by the set of Jordan frame potentials:
We will show that the steep conformal factor limit again corresponds to Starobinsky inflation, to leading order. We will also point out that the flat conformal factor limit corresponds to φ 2n -chaotic inflation 6 . 4 An expansion of the kinetic term in the Einstein frame, at strong coupling, suggests that perturbative unitarity is violated before reaching the Planck scale for m > 1, unlike induced inflation. 5 Adding extra terms in the exponent, e.g. e ξ(φ n +βφ n+m ) would explicitly violate the flat conformal factor condition (3.1). 6 In this subsection we will assume Ω vac = 0 for simplicity Steep conformal factor limit In this limit (2.5) the field redefinition(2.3) simplifies to:
The Einstein frame potential that corresponds to the potential (5.1) in terms of χ now reads
For n = 1, we recognise the Starobinsky potential. For general n we have a generalised Starobinsky model which also has, to leading order in N , for all n 7 :
similar to the standard Starobinsky model. In terms of the position in the (n s , r)-plane of the strong coupling limit of these models, the attractor point coincides with that of Starobinsky inflation for all n, at least to leading order in N . The parameter λ should be fixed to agree with the COBE normalisation. Requiring 60 e-folds implies that ∼ 10 −3 and as a consequence λ is fixed to roughly equal 10 −10 (in natural units), i.e. a very small number. A value for λ this small causes an obvious problem in the opposite weak coupling limit, where the potential depends on the non-minimal coupling ξ and λ and as a consequence, for small ξ, the predicted magnitude for scalar density perturbations will be too small.
The flat conformal factor limit In this limit (2.4), the first and second order slow-roll parameters are given by (see appendix A.2):
Given that Ω satisfies condition (3.1), we find to leading order in N
Indeed, for n = 1 we recover φ 2 -chaotic inflation. In fact, these results correspond to φ 2n -chaotic inflation for all n (see figure 2) . Chaotic inflation models are fixed points for flat Ω, whereas Starobinsky inflation is obtained in the opposite steep conformal factor limit. Looking at figure 2, where the flow between fixed points in the (n s , r) plane is plotted for different values of the parameters m and n, with Ω = ξφ m . 
Approaching the chaotic attractor point

Conclusions
In this work we studied non-minimally coupled single scalar field inflation models with a Starobinsky attractor point in the strong coupling limit. We have identified the relevant conditions on the conformal factor, corresponding to the flat and steep conformal factor limits, and shown how these can be obtained introducing a continuous coupling parameter, for instance in the context of induced inflation models. General (sufficient) conditions were determined that produce chaotic models of inflation in the flat conformal factor limit. Employing these general results we have confirmed the existence of chaotic fixed points for a subset of models that are asymptotically Starobinsky. As long as the first derivative of the conformal factor is non-zero the fixed point corresponds to the simplest quadratic model of chaotic inflation. The fine tuning of higher order powers in the potential of chaotic inflation was shown to be directly related to the flatness condition of the conformal factor. We also introduced and studied a straightforward generalisation of asymptotic Starobinsky models, parametrised by a power n, that reduces at weak coupling to a chaotic inflation fixed point of order n (the leading power of the canonical Einstein scalar field χ).
One important observation is that this fixed point behaviour differs from the Starobinsky fixed point at strong coupling due to the explicit dependence of the mass (or the couplings in higher order chaotic models) on the details of the model under consideration. This means it 8 This is in agreement with [25] , where (n = 1) 9 For example, consider
should be considered less universal in the sense that different models in this class, although they all reduce to the same (chaotic) slow-roll parameters in the weak coupling limit, predict different scales of inflation. A related consequence is that the COBE normalisation cannot be matched in both fixed points at the same time. This observation is best illustrated in a threedimensional flow plot that would include the predicted magnitude of density perturbations as a function of the non-minimal coupling ξ. By appropriately rescaling the coupling λ to allow for a finite magnitude in the weak coupling limit, one would find that the weak coupling limit is not a fixed point in this 3-dimensional space of inflationary parameters, whereas the strong coupling Starobinsky attractor remains a true fixed point. An important and interesting avenue for future work would be to better understand the UV embedding and (effective field theoretical) consistency of these classes of non-minimally coupled models, in particular from the point of view of string theory. We hope to come back to this issue in future work. 
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A From Jordan frame to Einstein frame
A.1 Lagrangians
A general Lagrangian of a theory with a non-minimally coupled scalar field can be written as:
One could set the kinetic term K(φ) to a preferred functionalK(χ(φ)) by doing a field
A Weyl transformation g ab → 1 Ω g ab can be used to bring the Lagrangian (A.1) into the Einstein frame. The curvature scalar transforms in four spacetime dimensions in the following way under this transformation:
The second term in A.2 will result in a boundary term in the Lagrangian. If we discard this term, the Lagrangian in the Einstein frame is given by:
A field redefinition χ = χ(φ) can be done such that the kinetic energy term is canonically normalised:
δχ δφ
In terms of the field χ(φ), for which the explicit expression can be found by soling (A.4), the Lagrangian takes a simple form
where V (χ) is given by
A.2 Slow-roll parameters in the Einstein frame
In this subsection we express the Einstein frame potential slow-roll parameters in terms of the Jordan frame quantities U and Ω. We only use potential slow-roll parameters 10 . The potential slow-roll parameters and η in terms of the Einstein frame potential (A.6) are given by 11 :
We can also express the slow-roll parameters in terms of the Jordan frame potential U (φ), the conformal factor Ω(φ), using the relation between the Jordan frame potential and the Einstein frame potential (A.6), and the field redefinition (A.4). The first order potential slow-roll parameter is given by:
(A.8) 10 Since we only use potential slow-roll parameters, we will write and η instead of V and ηV for the first and second potential slow-roll parameters 11 In the expressions of slow-roll parameters, the reduced Planck mass has been set to one (e.g. =
The second order potential slow-roll parameter η is given by:
where primes denote derivatives with respect to φ. Related to our expression for , we find for the number of e-folds N :
A.3 Expansion of the Einstein frame potential
For the asymptotic Starobinsky model we have the Jordan frame potential U = λ(Ω − 1) 2 . The Einstein frame potential V is given by (A.6)
where χ is the canonically normalised field defined by the field redefinition (2.3)
These two relations allow us to expand V in terms of χ around the vacuum value χ vac = 0:
. Using the field redefinition (2.3) we find:
(A.14)
For Ω 2 vac 1 we therefore obtain
A.4 Generalised asymptotic Starobinsky models
We consider the Jordan frame potential U = λΩ 2 (1−Ω −1 ) 2n . In the steep conformal limit this potential corresponds to the Einstein frame potential V in terms of the canonically normalised field χ
which is called a generalised Starobinsky model.
The Einstein frame slow-roll parameters and the number of e-folds N can be expressed in terms of Ω and its derivatives:
Flat limit
In the flat limit 1
Ω , (A.17a), (A.17b) and (A.17c) simplify to:
Flat conformal factor condition
If Ω satisfies the flat conformal factor condition (3.1), Ω has the following form, forφ = φ − φ vac :
where the Ω m are of order O(1) and αφ 1 for 0 <φ <φ N . This form allows us to evaluate (A.17a,A.17b,A.17c) in orders of α.
Example A.1. Ω 1 = 0, Ω 2 = 0:
This example illustrates that for generic Ω with non vanishing Ω 1 , the flat conformal factor attractor point of generalised asymptotic Starobinsky model of degree 2n corresponds to φ 2n -chaotic inflation.
Example A.2. Ω 1 = Ω 3 = 0, Ω 2 = 0, Ω 4 = 0 If we impose Ω to be an even function ofφ, we find Ω i = 0 for i odd. Example A. 4 . Ω = 1 + αφ m (universal attractor inflation with monomial) Universal attractor inflation [25] is a class of asymptotic Starobinsky models with Ω(φ) = 1 + ξf (φ). We consider the monomial case f (φ) = φ m , for which φ vac = 0 and extend the discussion to generalised asymptotic Starobinsky models (5.1). We find: These results correspond to leading order to φ 2mn -chaotic inflation. This illustrates that if Ω satisfies the flat conformal factor condition (3.1), but with the first m−1 derivatives vanishing, the generalised asymptotic Starobinsky model of order 2n will lead to φ 2mn -chaotic inflation, to leading order.
A.5 Beyond the asymptotic Starobinsky paradigm
If Ω satisfies the flat conformal factor condition (3.1), the generalised asymptotic Starobinsky models (5.1) have a chaotic inflation attractor point. We could also consider the much more general class of models satisfying that U → 0 and Ω → 1 in the vacuum configuration:
for a set of coefficients {a n }. One can check that these general potentials are not Starobinskylike in the steep limit (2.5). They can correspond to chaotic inflation if Ω satisfies the flat conformal factor condition (3.1). If a n = 0 for n < m and a m = 0, than these models correspond to leading order to φ km -chaotic inflation, where k is the first nonzero derivative of Ω in the vacuum.
